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In this paper, based on three-dimensional linear generalized thermoelasticity, an exact
analysis of free vibration of a simply supported homogeneous isotropic, thermally conduct-
ing, cylindrical panel with voids initially at uniform temperature and undeformed state has
been presented. Three displacement potential functions are introduced for solving the
equations of motion, heat conduction and volume fraction ﬁeld. The purely transverse
wave gets decoupled from rest of motion and is not affected by thermal and volume frac-
tion (voids) ﬁelds. After expanding the displacement potentials, volume fraction and tem-
perature functions with orthogonal series, the equations of the considered vibration
problem are reduced to ﬁve-second order coupled ordinary differential equations whose
formal solution can be expressed by using Bessel functions with complex arguments.
The corresponding results for thermoelastic panel without voids, elastic panel with and
without voids have been deduced as special cases from the present analysis. In order to
illustrate the analytical results, the numerical solutions of various relations and equations
have been obtained to compute the lowest frequency as function of different cylindrical
panel parameters. The computer simulated results have been presented graphically.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The cylindrical panels are frequently used as structural components and their vibration characteristics are obviously
important for practical design. Ip et al. (1996) presented exact free vibrations analysis of simply supported, transversely iso-
tropic, cylindrical panel by using solution involving Bessel functions with complex arguments and presented some numerical
examples in order to illustrate their analytical development.
Biot (1956) formulated the theory of coupled thermoelasticity (CT) to eliminate the paradox that elastic change has no
effect on temperature inherent in classical uncoupled thermoelasticity. The heat equation in both coupled and uncoupled
theories of thermoelasticity is of diffusion type predicting inﬁnite speed of heat transportation, which is a physically impos-
sible phenomenon. Lord and Shulman (1967), Green and Lindsay (1972), and Dhaliwal and Sherief (1980) developed non-
classical (generalized) theories of thermoelasticity by including thermal relaxation time as time lag needed for establishment
of steady state in order to remove the paradox of inﬁnite velocity of heat propagation. Sharma (2001) studied three-dimen-
sional vibrations of simply supported, homogeneous transversely isotropic, thermoelastic cylindrical panel in the context of
linear coupled thermoelasticity which has been further extended to generalized theories of thermoelasticity by Sharma and
Sharma (2002). Wave propagation in a generalized thermoelastic solid cylinder of arbitrary cross-section has been recently
studied by Ponnusamy (2007).. All rights reserved.
ax: +91 1972 223834.
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and synthetic porous materials for which classical theory is inadequate. Cowin and Nunziato (1983) presented a linear the-
ory of elastic materials with voids. Puri and Cowin (1985) investigated the behavior of plane harmonic waves in linear elastic
material with voids. Iesan (1986) developed the linear theory of thermoelastic materials with voids. Iesan (1985) proved the
uniqueness, reciprocity and variational theorems for the basic governing equations of elastic materials with voids and also
studied the propagation of acceleration waves in such materials. Kumar and Rani (2005) studied the problem of thermal
loads in thermoelastic half-space with voids. Chandrasekharaiah (1986a) studied the effect of the voids on propagation of
surface waves in elastic half-space with voids. The effect of the surface stresses and voids on Rayleigh waves in elastic solid
has been investigated by Chandrasekharaiah (1987). Marin (1997) proved the uniqueness of the solution of initial boundary
value problem in thermoelastic bodies with voids.
In this paper, based on three-dimensional generalized thermoelasticity, an exact free vibration analysis of simply sup-
ported, homogeneous isotropic, cylindrical panel with voids of length L, inner radius R1, outer radius R2 and central angle
g has been presented. Three displacement potential functions are introduced for solving the equations of motion, heat con-
duction and volume fraction ﬁeld. The purely transverse wave gets decoupled from rest of the motion and remains indepen-
dent of thermal and volume fraction ﬁelds. After expanding the displacement potentials, volume fraction ﬁeld, and
temperature functions with an orthogonal series, the model of the instant vibration problem is reduced to a system of
ﬁve-second order coupled ordinary differential equations. The Bessel functions with complex arguments are then directly
used to express the solution of this coupled system of differential equations, representing the considered vibration problem.
Deﬁnite, though small effect of voids on the lowest frequency with respect to various panel parameters has been noticed. The
results in case of thermoelastic panel without voids and elastic panel with and without voids have been deduced as special
cases by making appropriate choices of material parameters. In order to illustrate the analytical results, the numerical solu-
tion of secular equation has been carried out to compute lowest frequency. The variations of computer simulated lowest fre-
quency have been presented graphically with respect to the
(i) parameter tL for different values of t,
(ii) ratio of length to mean radius of the shell,
(iii) thickness to mean radius of the shell and
(iv) central angle g of the panel.
2. Formulation of the problem
We consider a homogeneous isotropic, thermally conducting, elastic cylindrical panel with voids in the undisturbed state
and at uniform temperature T0 initially. Let ‘L’ be the length; ‘R1’ and ‘R2’ are respectively the inner and outer radii of the
cylindrical panel and g is the central angle. The geometry of the problem is shown in Fig. 1. Upon employing Lord and Shul-
man (1967) model of linear generalized thermoelasticity, the governing ﬁeld equations of motion, volume fraction ﬁeld, and
heat conduction for such a solid with voids, in the absence of body forces and heat sources, are given byz
a
L
 R 
∝
b
θ
r
Fig. 1. Geometry of the problem.
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_/ ð2:4ÞHere~uðr; h; z; tÞ ¼ ður;uh;uzÞ is the displacement vector, Tðr; h; z; tÞ is the temperature change; / is volume fraction, v is equil-
ibrated inertia, hi is equilibrated stress vector; k;l are Lame’ parameters, b ¼ ð3kþ 2lÞaT is coupling parameter of thermal
and mechanical ﬁelds, aT and K are respectively, the coefﬁcients of linear thermal expansion and thermal conductivity; q and
Ce are the mass density and speciﬁc heat at constant strain, respectively, t0 is thermal relaxation time. b is the coupling
parameter of the mechanical and volume fraction ﬁeld,m is the coupling parameter of the thermal and volume fraction ﬁeld.
a is void parameter. The comma notation is used for spatial derivatives; the superposed dot represents time differentiation.
The coefﬁcients f1; f2 and equilibrated inertia vmust be positive so as to satisfy dissipation inequality resulting from second
law of thermodynamics.
We deﬁne the quantitiesr0 ¼ x

c1
r; z0 ¼ x

c1
z; t0 ¼ xt; u0i ¼
qc1x
bT0
ui; T
0 ¼ T
To
; r0ij ¼
rij
bT0
/0 ¼ x
2v
c21
/; e0ij ¼
qc21
bT0
eij; h
0
i ¼
xv
ac1
hi; n ¼ f2x

f1
; t00 ¼ xt0; x0 ¼
x
x
x ¼ Ceðkþ 2lÞ
K
; 2T ¼ b
2T0
qCeðkþ 2lÞ ; d
2 ¼ c
2
2
c21
; d21 ¼
c23
c21
; a1 ¼ bc
2
1
bT0vx2
a2 ¼ bvbT0aqc21
; a3 ¼ 11c
2
1
ax2
; a4 ¼ mT0va ; a5 ¼
mc41
Kvx3
; c21 ¼
kþ 2l
q
; c22 ¼
l
q
c23 ¼
a
qv ; R ¼
R1 þ R2
2
; R0 ¼ x

c1
R; L0 ¼ x

c1
L; R01 ¼
x
c1
R1; R
0
2 ¼
x
c1
R2
ð3ÞHere 2T is the thermoelastic coupling parameter, c1; c2; c3 are respectively the velocities of longitudinal, transverse and vol-
ume fraction ﬁelds. Introducing quantities deﬁned by (3) in Eqs. (1) and (2), we obtain (on suppressing the primes for
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3.1. To solve the system of Eqs. (4), we introduce displacement potential functions through the relationsur ¼ 1r w;h  G;r ; uh ¼ 
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The Eq. (7.5) in the above system of equations in w represents purely transverse waves, which are not affected by the tem-
perature change and volume fraction ﬁeld. This wave motion is polarized in planes perpendicular to the z-axis and may be
referred to as shear horizontal (SH) wave. We consider the free vibrations of a cylindrical panel (see Fig. 1) subjected to the
traction free, thermally insulated or isothermal boundary conditions with simply supported edges. We can write displace-
ment potential functions, volume fraction ﬁeld and temperature change as belowwðr; h; z; tÞ ¼ wðrÞ sinðppzÞ cosðmhÞeixt
Gðr; h; z; tÞ ¼ GðrÞ sinðppzÞ sinðmhÞeixt
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Tðr; h; z; tÞ ¼ TðrÞ sinðppzÞ sinðmhÞeixt
ð8Þwhere m ¼ npg . Here n and p, respectively deﬁne the circumferential and axial wave numbers.
On using solution (8) in Eqs. (7), we obtainðr22 þ k21Þw ¼ 0 ð9:1Þ
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again suppressed for convenience unless stated otherwise. The Eq. (9.1) is a Bessel equation with its possible solution asw ¼
A5Jmðk1rÞ þ B5Ymðk1rÞ; k21 > 0
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>: ð12Þwhere k021 ¼ k21. Here Jm and Ym (Im and Km) are respectively the Bessel functions (modiﬁed Bessel functions) of the ﬁrst and
second kind, A5 and B5 are arbitrary constants. Generally k
2
1 6¼ 0, so the speciﬁc situation k21 ¼ 0 will not be discussed in the
following analysis.
From Eqs. (9.2)–(9.5), we obtainðr22 þm21Þðr22 þm22Þðr22 þm23Þðr22 þm24ÞF ¼ 0 ð13Þ
where F may be any one of the functions G; /; w, or T and the quantities m2i ; i ¼ 1;2;3;4 are the roots of the complex alge-
braic equationZ8 þ AZ6 þ BZ4 þ CZ2 þ D ¼ 0 ð14Þ
Here the coefﬁcients A, B, C and D are deﬁned in Appendix.
Upon solving Eqs. (9.2)–(9.5) and noting that the rootsm2i ; i ¼ 1;2;3;4 of Eq. (14) are complex, the functions G; /; w and T
are obtained asGðrÞ ¼
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ðm2i  g1; ð1 d2Þm2i ; a2m2i Þ0 ð18ÞIt is noticed that the characteristics Eq. (14), in general possesses complex roots and hence Bessel functions Jm and Ym con-
stitute the solution of Eq. (9). Also for homogeneity, we proceed with our derivation by taking k21 > 0 (the derivation for
k21 < 0 is obviously similar) in Eq. (9.1), which corresponds towðrÞ ¼ A5Jmðk1rÞ þ B5Ymðk1rÞ: ð19Þ4. Frequency equation
In this section we shall derive the secular equation for three-dimensional vibrations of cylindrical panel subjected to trac-
tion free and thermally insulated/isothermal boundary conditions at the upper and lower surfaces r ¼ R1;R2 of the thermo-
elastic cylindrical panel with voids. Upon using solutions (15) and (19) in (8) and then in relations (5) and (6), the
displacements, volume fraction ﬁeld, temperature change and stresses are obtained asur ¼ G0  m
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r
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sinðppzÞ cosðmhÞeixtHere prime denotes differentiation with respect to radial co-ordinate r. Considering the traction free, thermally insulated and
isothermal conditions at the lower and upper surfaces r ¼ t1; t2 and making use of constitutive relations (21) along with (15),
(19) and (20), one can obtain the free vibration secular equation as below:jEijj ¼ 0; ði; j ¼ 1;2; . . . ;10Þ ð22Þ
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E95 ¼ S3½m3J00mðm3t1Þ þ hJmðm3t1Þ; E97 ¼ S4½m4J00mðm4t1Þ þ hJmðm4t1Þ; E99 ¼ 0In the elements E91; E93; E95; E97;h! 0 corresponds to thermally insulated surfaces and h!1 refers to isothermal boundary
conditions.
Here Eij; ðj ¼ 2;4;6;8;10Þ can be obtained by just replacing Bessel functions of ﬁrst kind in Eij; ði ¼ 1;3;5;7;9Þwith that of
the second kind, respectively; while Eij; ði ¼ 2;4;6;8;10Þ can be obtained by just replacing t1 in Eij; ðj ¼ 1;3;5;7;9Þ with t2,
respectively. Here t1 ¼ R1R ¼ 1 t

2 ; t2 ¼ R2R ¼ 1þ t

2 and t
 ¼ R2R1R is the thickness to mean radius ratio of the panel.
5. Special cases
The results for homogeneous isotropic, generalized thermoelastic cylindrical panel {see Sharma and Sharma (2002)} and
coupled homogeneous isotropic thermoelastic cylindrical panel {see Sharma (2001)} can be recovered from the present anal-
ysis by setting b ¼ 0 ¼ m and t0 ¼ 0, b ¼ 0 ¼ m, respectively, in addition to substituting c1 ¼ 1; c2 ¼ lkþ2l ¼ c4; c3 ¼ 1 c2;
b ¼ 1;K ¼ 1 there in.
If we assume that the thermal and mechanical ﬁelds are not coupled with each other ð2T ¼ 0 ¼ mÞ, the results for elastic
cylindrical panel with voids can be obtained from the present analysis. The results for elastic panel without voids can further
be obtained by setting b ¼ 0 in the resulting relations.
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In order to illustrate and verify the analytical results obtained in the previous sections we present some numerical sim-
ulation results. For the purpose of numerical computations we have considered magnesium crystal-like material whose
physical data given below [Kumar and Rani (2005)]:Fig. 2.
circumf
Fig. 3.
circumfk ¼ 2:17 1010 Nm2; l ¼ 1:639 1010 Nm2; q ¼ 1:74 103 Kg m3; T0 ¼ 25 C;
Ce ¼ 1:04 103 J Kg1 deg1; x ¼ 3:33 1011 s1; K ¼ 1:7 102 Wm1 deg1
b ¼ 2:68 106 Nm2 deg1; m ¼ 2:0 106 Nm2 deg1; v ¼ 1:753 1015 m2
f1 ¼ f2 ¼ 1:475 1010 Nm2; a ¼ 3:688 105 N; b ¼ 1:13849 1010 Nm2The value of thermal relaxation time t0 is computed on the basis of equation (2.5) of Chandrasekharaiah (1986b). For
closed cylindrical shell, the central angle g ¼ 2p and the integer ‘n’ must be even, since shell vibrates in the circumferential
full wave. Therefore the frequency equation for closed cylindrical shell can be written by setting m ¼ npg ; ðm ¼ 1;2;3; . . .Þ,
where m is circumferential wave number. The computations have been done for thermoelastic panel with voids (TEV) and
thermoelastic panel without voids (TE) in order to make comparative study.0
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respect to the parameter tL ¼ ppR=L of a simply supported cylindrical shell of magnesium crystal-like material are shown
in Figs. 2 and 3, respectively for different values ðt ¼ 0:01;0:1;0:25;0:5Þ of thickness to mean radius of the shell. The
effect of porosity (voids) is noticed to be quite prominent with increasing values of tL and t as can be seen from lowest
frequency proﬁle in Fig. 2. From Fig. 3, it is observed that the lowest frequency is affected due to the presence of voids
in the range 0:5 6 tL 6 1:5 for all values of t. The lowest frequency increases monotonically with increasing values of tL
for m ¼ 1, and m ¼ 2, which becomes stable and smooth at higher values of tL and small values of t. The lowest fre-
quency is also affected by thickness to mean radius ratio ðtÞ of panel for tL P 0:5; m ¼ 1 and for tL 6 1:5; m ¼ 2 both
in the presence and in absence of voids, as can be observed in Figs. 2 and 3. The effect of voids is deﬁnite, though small,
on the lowest frequency.
The effect of length to mean radius ratio ðL=RÞ of the panel on the lowest frequency ðXÞ has been shown in Fig. 4 for the
values of central angle g ¼ p=4; t ¼ 0:2 and p ¼ n ¼ 1. It is observed that the lowest frequency ðXÞ decreases monotonically
with increasing values of L=R and ultimately it becomes stable and smooth for ðL=RÞP 1:5. The presence of the voids exhibits
its effect, though small, on the magnitude of lowest frequency at all values of L=R as can be seen from the proﬁles in Fig. 4.
The effect of thickness to mean radius ratio ðtÞ of the panel on the lowest frequency ðXÞ has been plotted in Fig. 5 for the
values of central angle g ¼ p=4; ðL=RÞ ¼ 1 and p ¼ n ¼ 1. It is observed that the lowest frequency ðXÞ increases monotonically
with increasing values of t. It is observed that the presence of voids results in decrease, though small, in the magnitude of
lowest frequency ðXÞ at all values of t. Fig. 6 reveals that the lowest frequency ðXÞ decreases with increasing values of the0
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Fig. 4. Variation of lowest frequency ðXÞ with respect to length to mean radius ratio LR
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of cylindrical panel for g ¼ p4 ; p ¼ n ¼ 1 and t ¼ 0:2.
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P.K. Sharma et al. / International Journal of Solids and Structures 45 (2008) 5049–5058 5057central angle ðgÞ when t ¼ 0:2; ðL=RÞ ¼ 1 and p ¼ n ¼ 1. The decrease is rapid up to g ¼ 450and steady for g > 45. It is also
noticed that the presence of voids results in decrease in the magnitude of lowest frequency ðXÞ at all values of the central
angle ðgÞ. Thus from Figs. 4–6 it is observed that the voids have similar effects on the lowest frequency with length to mean
radius ratio, central angle and thickness to mean radius ratio of the panel.
7. Conclusions
In this analysis the Bessel functions with complex arguments have been directly used to study the three-dimensional
vibrations of homogeneous, isotropic thermally conducting cylindrical panel with voids. Three displacement potential func-
tions are introduced so that the equations of motion, volume fraction ﬁeld and heat conduction are uncoupled and simpli-
ﬁed. It is noticed that a purely transverse mode is independent of rest of the motion, thermal change and volume fraction
ﬁeld. It is also noticed that the presence of voids results in deﬁnite decrease, though small, in magnitude of lowest frequency
ðXÞ at all values of length to mean radius ratio ðL=RÞ; tL ¼ ppR=L, central angle ðgÞ and the ratio ðt ¼ ðR2  R1Þ=RÞ of thickness
to mean radius of the shell. The analysis reported in this article is most general and exhaustive till date because the result of
previous investigations can be obtained as particular cases from this analysis. Moreover, the work reported here is applicable
to circular cylindrical ‘panels’ of arbitrary thickness, from thin shell to extremely thick ones. The solutions obtained are also
applicable to both closed hollow cylinders and open ones (panels), depending upon whether m ¼ np=g is an integer or not.
This may be used in applications involving aerospace, offshore, submarine structures and even may be helpful to check and
verify the results obtained by FEM and BEM for such problems.
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Appendix A.
The coefﬁcients of various powers of Z in Eq. (14) are obtained asA ¼ g1 þ g3  g4 þ g5 þ
1 d2
d2
g2 þ a1a2R2  ix1s02TX2 ðA:1Þ
B ¼ g1g3  g4 g1 þ g3 þ
1 d2
d2
g2
 !
þ g5 g1 þ g3  g4 þ
1 d2
d2
g2
 !
þ B1 ðA:2Þ
C ¼ g1g3g4 þ g5 g1g3  g1g4  g3g4 
1 d2
d2
g2g4
 !
 a1a2R2 g4t2L þ g3g4 þ
1
d2
ðg1t2L þ g2g4Þ
 
þ C1 ðA:3Þ
D ¼ g1g3g4g5 þ
a1a2R
2
2 g1t
2
L þ D1 ðA:4Þd
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g2
d2
 t2L
 
 ix1s0X2 2T g3 þ g5 þ
g2
d2
 t2L þ a1a4R2
 
 a5ða4  a2ÞR2
 
C1 ¼ ix1s02TX2 g1t
2
L
d2
 g3 þ
g2
d2
 
ðg5 þ a1a4R2Þ þ t2Lðg5 þ a1a4R2Þ
	 

þ C2
C2 ¼ a5R
2
2T a2t
2
L  a4g2 þ ða4  a2Þðg3 þ
g2
d2
Þ þ a4g1
 
D1 ¼ ix
1s0X2
d2
2Tt2Lg1g5 þ R2

a2a5g1t
2
L þ d2a4a5g1g3 þ 2Tt2Lg1a1a4
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